
③ $16.12 Line Integrals ①

④ Introduction
· Aline Integral is an integral
defined on a curves

There are 4 equivalent ways to

define a line integral, and
they all mean the same thing:
Theorem: the following four are

equivalent -

SE.FdS=dt=fE.dr=fMdx+NdyyPd-
C R &

We make sense of each of

these four expressions for Line Integral



· The first expression gives the ②

meaning of a line integral
-

SE.Fds In physics this is called

e "The work done by the force

I along the curve e
"

mathematically it is the "Total amort of of
pointing tangent to the curve e

"

· To define (E.Ids, recall how we

describe a crave - with orientation

t =a
q

t =b2: F =F(t)
*. ·

(s
e

a t-b F(t) *

I

·
- ⑧

to describe a curve >y Curre
y(t) &

you must give a -- >X

&

parameterization ~x(t)

F(t) =x(t) 2+y(t).8+z(t) coriented correctly



A curve e is given by a parameterization &
- Notation:Emine-F(t) =(X(t),y(t),z(t)), a = t = ↳ x =(X,y,z)

-

feritthere are many ways to parame
the same crave 2

- 2

I.e., given (t), a =
t= b, rial

⑨
F(t)

7

↳
if t =4(u), -(b)

then r(e(ul) =(Fo4) (n) a
=4 =4

b

is another parameterization*
b*x(un)

a
=4(4a)

As long as 4'(u) >0, one parameterization
is as good as another.

·
Mathematicians think of different

parameterizations of a curve as different

ordinatesyms on
the same e

I.e., theygive you a way to
"name"the

points on t by numbert:
P = r(tname
I -

point on curre



· There is one special parameterization 4
determined by the curve:Namely,
arclength parameterization

S =(((s)Ids =d(t)

A

Problem. You typically need to
start with a

parameterization it to recover 9(t)

and thereby obtain the arclength parameterization

F(s) =F(4(s)) 0 =5 = (b)

·Important Point,the line integral
is

independent of parameterization in the&

sense that it can
be computed in

different coordinate systems (parameterizations
but you always get the same answer?
③ End Introduction to line Integrals



↳ We begin by defining the line ⑤

integral in terms of the arclength
terization -

parame

Given - Avector field & Curve &

E(x,y,t) =M(x,y,t)I +N(x,y,z)+P(x,y,t)
-

=(M,N,P)

(Think of E as a force field)

Mathematically:E:R*-IR--
(x,y,z) -> (M,N,P(

"E assigns a vector input
output
-

(M,N,P)
-

(m,N,p) to each point Vector
11 ⑧

(x,y,z)tIR3. To be -> is output
(x,y,z)

consistent, we treat Base point I
&

inputs to outputs as vectors... is the Input
-

so treat (x,yt) as a vector (xix,z)



& Steps to definingthe Line Integral (E.Ids 0
(i) Use the arclength parameterization
· E =F(F(s)) is the E

"Force"at r(s)
S =Sa

sti
-

· F =F(Fis) is the unitwiS
Itangent at ris E. I

·E.F =E(r(s)). FICS) is the length
of the component of E in direction I
(2) Discretize to define a Riemann Sum

6
=Sa<S,6-[00.8p

=Gp, WS=

Sp
=SatkYS, I=r(s) En=F(k)

(3) Define Integral as ↳o***
·.

kn
R

↳limitofRiemannas Ethi.e
Is

-Fr
2 Fr=Y(*n)



Den JE.Ids=lim EFS-

N ->DR = 1

· This givesthe ↳o***
·.

kn
R

simplest most direct Eophia
meaning of the Line

Is

-Fr

Integral as "the total amount

of E pointing tangent to 2"
-

· In Physics this is the "sum
of

the component of force in direction
&

of displacement times displacement,-

summed along 2 in a limiting sense

I-t. the "Total Work Done by E along 4
"

· Note:Since arength parameter is

unique, SEds depends only
on

force? Zurvee



JE.Ids =lim -us
-

⑧
R

N ->DR = 1n und

2

↳o*** 3
↓S

EarEminkewewantitem
the

R

-Fr

Conclude:In physics, Work is
-

ForexDisplacement. When the

force is changing along a
variable curve, we break

the work

up into approximate constant force
-> -

times displacement is a sumFr ·Tn
=>Work Done is a line Integral



· Problem. How do you compute
the line integral?
Answer:Use a parameterization?

D

SE.Ids =J F(rit)) · (t) dt

i
Gives the meaning Tells how to compute
of line integral the line integral - a
as the work done math 21B integral

Important- Each parameterization
gives you a different Math

zIB integral,

but the answer is the same
number -

namely "the work done by along -
"



· How it works. Assume an oriented curve d

I is given by parameterization, or
F(t) =x(t)-2 +y(t)! +e(t)kat

=b

CD Discretize [a,b]

to =act, its
... tr<-.. tp=b, 8t=b

(2) Convent to arclength ds=Atldt

So S = IlY(tn)l) Ot

3) Construct Riemann Sum for Line Integral

JE.FdS = lim En**Sm
N -0k =

1
E

(4) Write as a Riemann
Sum in t:

(tn) S =Y (n) lot
En =F(r(tm)), Fr I -- ↳SeeI (tm)l) ↳

Fr.FWSn= E(F(tn)). m). Iltwillt
I (tm)llk =1 k=1 -

5) SF.Fds=lim F(rItalo(tm
It =PE. Idt

N ->0k
=1

a A Math 2IB

(same answer for any parameterization?) Integral



Conclude: ꋷ
SE.Ids =S"F(rit)). (t) dt
e a

· Holds for any parameterization
which respects the animation of t
-

(I.e., Ct moves forward out as I increases)

· SF.Ids gives the O I

meaning FH
us
of

· SE.Ydt tells how to a fittet
compute it. &

· Since JE.Ids is defined in terms

of arcength, it has a single value
t of parameterization -independen

Conclude: Every parameterization
gives the same answer D



↳ Example ꋸ
Use Liebniztheory of differentials

to "provethat

SE.Fds =JE.dt=fE.dr=fMdx+Ndy+Pdz
2 e e &

S:=bull so ds=ludt
v =F so Fds=Idt

i =d SO dr =Ydt

-

&

=(**) so dr=(dx,dy,dz)

ThUS?

SE.FdS =JE.dt=f E.dr
wor

2
in ↑

e Fds=rdt di 24 -
(N,p1.(dX,dy,dz)

=(Mdx+Ndy +Pdz



Conclude:thefourwaysofwritetothe ꋹ
SE.Fds =JE.Udt=fE.dr=fMdx+Ndy+Pdz
2 e e

When computing, all roadslead to the
same answer?



Example & Let I be the parabola M
y
=x
,

0 = x = 1. Let F
=yi +x1.

Evaluate S F.I ds
e

Solution. (D) first step is to find a

parameterization of 2
- -

Set t =x, Then FCH =(x(), yH) = (t, t4
- e

So F(F(t) =(tY,t), (t) =(,it)
(2) Use Liebniz differential identities to

convert line integral to a Math21B integral
en

SE.EdS =I!rdt=( (ect;,x (t))0),it dt
e Edt

A=0 O

=((t).It) dt = f't
*2tdt

0

-52



Note:we could just as well use ꋻ

JE.FdS =GE.di or CE.Fds=fMdx+Ndy+Pdz
&

to compute. They lead to some I integral
->

-

Emple:We had E
= (1x, r(t): (t,f4

Oct 1

So JE.dr=1, (m,nj.x,di-
edi =(dy,dz) E =(π,N) =(y,x)

= JMdx +Ndy=fydx+Xdy
&

But x = t sodx-dt, y it so dy
=24dt

=> = It"dt + t.2tdt
C

=S't" +2tdt =

..=
same integral?



ExampleAsimple closed ꋼ

curve is a curve (t), a < t
=b

which is closed (F(a) =F(b))

and simple means it does not

cross itself. -

Eg Circle [(t)= (cost,
sint) oct = in
I

is a simply closed curve (SCC)

Den:the line integral of I

around a closed curve 2 is called

the ration in East

I.e., F.Ids measures L

11 C E.F
the total amount of E 1

M
pointing counterclockwise "-



Example (cont) Let I be ꋽ
the circle of radius 2 I

center 10,-
oriented counter-clockwise. Let

E =(x -y)i +xi. Find the circulation in
&around to

ston.1Get a parameterization:
-

So FCt=I(cost, sint), 0 =t =2π

② Circulation =JE.I ds

③ Use Liebnizdifferentials to set up Math up
2π integral:

JE.Fds =J E(F(t)r (r(t))dt
0

C
- -

#(FCt) = (X(t)-1(t), x (t)) =2(cost-sint, cost)
A

[(t) =F(t) =2 (-,cost e
-

E. F (cost-sint, cost (sint, lost)=4 (- costs int + 1)=4
2π

④ r.dt=4 1- costsintdt =4 (t+ct)]**NSo



Q:If Iwere the force on a frictionless ꋾ

bead confined to a wire circle in Example,
-

which way would
the bead circulate?

Ans:If of E.Ids so, the"net
force"on

bead is counterclockwise - if negative,
the

not force is clockwise: I

↑
<F.
MTI

Since we calculated

GE.Fds =8 0,

e

the bead world rotate counterclockwise


